at quantum critical point, while away from it the EFP decays as
We reconsider the problem of finding L consecutive down spins in the ground state of the XY chain, a quantity known as the Emptiness Formation Probability. Motivated by new developments in the asymptotics of Toeplitz determinants, we show how the crossover between the critical and off-critical behaviour of the Emptiness Formation Probability is exactly described by a τ function of a Painlevé V equation. Following a recent proposal, we also provide a power series expansion for the τ function in terms of irregular conformal blocks of a Conformal Field Theory with central charge c = 1. Our results are tested against lattice numerical calculations, showing excellent agreement. We finally rediscuss the free fermion case where the Emptiness Formation Probability is characterized by a Gaussian decay for large L.
I. INTRODUCTION
The Emptiness Formation Probability (EFP) represents perhaps the simplest correlator that can be calculated in a quantum spin chain [1] . It is defined as the probability to find a string of L consecutive down spins in the ground state of the system, whose total length is N . For a pictorial representation of the problem setting, see fig. 1 in which, conventionally, the direction of the spin is chosen along the z-axis. Moreover, from now on, we will focus only on the thermodynamic limit N → ∞.
The EFP was introduced in [2, 3] , in their study of correlation functions in the spin-1/2 XXZ chain. In particular, in [3] it was proposed a Fredholm determinant representation in the thermodynamic limit, through Bethe Ansatz methods [1] . Subsequent developments, including exact asymptotics for large L and finite-N effects, were analyzed in the references [4] [5] [6] [7] [8] [9] [10] . The large-L asymptotics of the EFP is particularly interesting in the critical XXZ chain and for zero external field, where it is characterized by a Gaussian decay with L [4, 5, 8] . The latter can be ascribed to the presence of a U (1) symmetry, preserving the total magnetization along the z-axis. In a qualitative bosonized description, the behaviour of the EFP is dominated by action configurations [5, 11] that contain a frozen area of order L 2 surrounding the string. The Gaussian behaviour of the EFP in the XXZ spin chain has been also related [12, 13] to the phenomenon of phase separation and the existence of arctic curves in the six-vertex model with domain wall boundary conditions [14, 15] .
In systems for which the total magnetization is not conserved, the EFP is expected to decay exponentially fast for large L. In such a case indeed [12, [16] [17] [18] , the string of down spins should renormalize to a conformal invariant boundary condition [19] , whose contribution to the free energy is at most linear with L. As we will review in the first part of the paper, this expectation has been indeed supported analytically in the XY spin chain in [20, 21] . Since the XY spin chain will be also the subject of this study, it is convenient to state already here its Hamiltonian [22] 
being σ µ n , µ = x, y, z Pauli matrices, the parameter γ is called anisotropy and h is the transverse magnetic field. The model is technically easier [22] to solve than the XXZ spin chain and it reduces to a particular case of it when γ = 0. It has moreover the advantage of being a prototype for a quantum phase transition, which is triggered by the transverse field. In particular, in the XY chain, the EFP can be written as a determinant of a Toeplitz matrix. Beside the expected exponential decay, in [21] it was observed that the EFP, P(L, h, γ), contains power-law prefactors along the critical lines h = ±1, γ = 0. In brief, exploiting known theorems for the asymptotics of Toeplitz determinants [23] [24] [25] [26] [27] [28] , ref. [21] obtained that ↓↓ ↓ ↓ ↓ ↓ ↓ L N FIG. 1: Schematic representation of a configuration of L consecutive down spins in a state of a quantum spin chain with total length N . The EFP is the probability that such a configuration is realized in the ground state.
In [12] , it was also later clarified how the exponent ν in (2) could be related to the central charge of the underlying Conformal Field Theory (CFT) describing the quantum critical point. For the XY chain with non-zero anisotropy, such a theory is the critical Ising field theory with central charge c = 1/2 [29] and ν = 1/16.
In this paper we come back on the problem of analyzing the EFP in the XY chain and study analytically the crossover between the critical asymptotics given in (2) and the off-critical in (3) in the limit of large L. Thus we provide a full characterization of the EFP on the whole phase space of the XY spin chain, complementing the results in [20, 21] .
From the technical point of view our analysis is based on the application of a recent mathematical theorem by [30] , in the theory of Toeplitz determinants. As will be discussed in detail, the symbol associated to the Toeplitz matrix of the EFP has an emergent Fisher-Hartwig singularity in the limit h → ±1. In particular, specializing the results in [30] , the EFP is directly related to the so-called τ function [31] of a Painlevé V equation. The mechanism of the emergence of Painlevé transcendents in such a context is analogous to the order/disorder transition in the 2d Ising model [32] . In particular the theorem proven in [30] also applies to the, rather well known example [33, 34] , of the two-point function of the order parameter in the 2d Ising model. Painlevé transcendents are recurrent in statistical physics and especially for free fermionic models, see for instance [35] .
The rest of the paper is then organized as follows: In section II we will review, from a slightly different perspective the results in [20, 21] ; in section III we will describe the possible crossovers between the different regimes in the phase space of the XY chain; in section IV we will adapt the mathematical results of [30] to determine an exact interpolation formula for the EFP in the limit of large L in the quantum Ising chain (γ = 1); in section V we will present the first terms of a series expansion of the τ function relaying on the recent irregular [36] conformal block representation proposed in [37] [38] [39] . Our results will be extended to γ = 1 in section VI, through a conjecture, and thoroughly tested against numerical lattice calculations. The agreement is excellent. Finally in section VII we will focus on the case γ = 0. Recalling that the EFP is the Fredolhm determinant of the so-called sine kernel [40, 41] , for completeness, we rediscuss how its exact asymptotic Gaussian behaviour [4] can be determined in a double-scaling limit. Two appendices complete the paper.
II. EMPTINESS FORMATION PROBABILITY IN THE GROUND STATE OF THE XY SPIN CHAIN
Consider the anisotropic XY spin-1/2 chain in a transverse magnetic field with Hamiltonian given in (1). The model reduces to the quantum Ising chain for γ = 1 while corresponds to free fermion if γ = 0, that is the XX spin chain. We will always consider periodic boundary conditions, σ µ n+N = σ µ n . We are interested in the analysis of the EFP in the ground state |GS of the XY spin chain (1), which can be defined as
|GS .
As we anticipated in the introduction, this is the probability to find a string of L consecutive down spins in the state |GS .
The Hamiltonian (1) can be recast in a quadratic fermionic form by introducing the Jordan-Wigner transformation,
and rewriting the spin operators in terms of the creation/annihilation fermionic operators ψ † n , ψ n ; one obtains
The boundary conditions for the fermionic operators are assumed periodic ψ n+N = ψ n , although this choice is irrelevant in the thermodynamic limit N → ∞ 1 . In terms of the spinless fermions, the EFP can be expressed as the expectation value
over the ground state |GS . As it was shown in [4] and [20, 21] , using the Wick theorem, P(L, h, γ) can be written as the determinant
where S is the L × L matrix with entries
built from the two-point correlation functions restricted to the interval of length L. In the thermodynamic limit, S becomes the Toeplitz matrix
generated by the symbol [4, 20, 21] 
In [20, 21] , the asymptotic large-L behaviour of P was studied. The authors made use of the Szegő theorem [23] , the Fisher-Hartwig conjecture [24, 25] and its generalization [26, 27] . These theorems/conjectures, that we review in the appendix A, determine the asymptotic large-L behaviour of the Toeplitz determinant (5) . It will be worth to rediscuss and complement here slightly the main results of [20, 21] . In those works, several regions in the parameter space (γ, h) were distinguished depending on the asymptotic behaviour of the EFP. We depict them in fig. 2 for future reference.
A. Off-critical Region Σ−: γ = 0 and h < −1.
In this region, the symbol does not have any Fisher-Hartwig singularity, that is, g(θ) has neither zeros or jump discontinuities and it satisfies the smoothness condition (A1). Therefore, the Szegő theorem (A2) applies and it follows
Plane of parameters (γ, h) of the XY spin chain (1) divided in regions depending on the asymptotic behaviour of the EFP. The chain is non-critical in regions Σ ± and Σ 0 while it is critical along the lines Ω ± and Ω 0 .
To compute the coefficients A and E in (8), it will be convenient to rewrite the symbol g(θ) of the Toeplitz matrix (6) in the following form. Let us introduce the Laurent polynomials
then (note that g(θ) = G(e iθ ))
We then decompose G(z) in polar form G(z) = |G(z)|e i arg G(z) ; for z on the unit circle, it turns out
Finally, we find that
The expression in (10) for the symbol can be continued analytically from the unit circle to the Riemann sphereC = C ∪ {∞}. Note that z + , z − , z −1 + , and z −1 − are branch points of the function G(z). Although in this section we are focussing on the case h < −1, it is useful to describe the analyticity properties of G(z) in (10) more in general. Observe that for h 2 + γ 2 < 1, the branch points are complex conjugated (i.e. z + = z − ), while for h 2 + γ 2 ≥ 1, they are real. Outside the critical lines, two of them are inside the unit disk while the other pair is outside. Thus we will always take as branch cuts for G(z) two curves, each one joining the couple of branch points located at the same side of the unit circle without intersecting the latter. For instance for γ = 1 and h < −1 the branch cuts can be taken as (−∞, h] ∪ [h −1 , 0]. On the other hand, along the critical lines Ω ± , where |h| → 1, two of the branch points collide on the unit circle. Hence the two branch cuts join together in a single cut that crosses the unit circle, giving rise to a jump discontinuity in g(θ), see for instance fig. 3 .
Taking into account the factorization (10) and the definition of the branch cuts given earlier, we can expand the logarithm of the symbol in Fourier series as (see appendix A)
and
It then follows from (12) that the coefficient A(h, γ) in (8) is equal to the zero mode of the function log V (e iθ ),
, can be written as
Note that, in the limit h → −∞, the ground state is |↓↓ · · · ↓ z and P = 1. Indeed, it is easy to verify that when h → −∞, the function log V (e iθ ) → 1, and A(h, γ), E(h, γ) → 0.
B. Off-critical Region Σ0: γ = 0 and |h| < 1.
In this case, the symbol g(θ) presents a Fisher-Hartwig singularity at θ = π: The modulus of g(θ) vanishes and its argument has a jump discontinuity.
Hence one needs to apply the Fisher-Hartwig conjecture to obtain the asymptotic large-L behaviour of P. The symbol admits a unique factorization of the form (A3),
where 
The coefficient A(h, γ) is now the zero mode of log W 0 ,
The term E(h, γ) instead reads
, the sum over Fourier coefficients defined in appendix A.
For the values h = 0, γ = 1, the ground state of the XY spin chain is degenerate; a basis for the degenerate subspace is given by fully polarized states in the x direction, that is
It is straightforward to see that for these states, the EFP is P = (1/2) L . Note that the same is obtained from the asymptotic expression (14) , which in this case is exact since A(0, 1) = − log 2 and E(0, 1) = 0. This observation was extended in [21] to the ground state along the circle h 2 + γ 2 = 1.
C. Off-critical Region Σ+: γ = 0 and h > 1.
The symbol g(θ) vanishes and its argument has a jump discontinuity at the points θ = 0 and θ = π: Therefore, it has two Fisher-Hartwig singularities. In the region Σ + , there are two possible factorizations (A5):
and g(θ) =W + (θ)(2 − 2 cos θ) 1/2 e i/2(θ−π sign θ) (2 − 2 cos(θ − π)) 1/2 e −i/2(θ−π−π sign(θ−π)) .
In order to determine the asymptotic behaviour of P, we must apply the generalized Fisher-Hartwig conjecture (A6), obtaining
In this case,
When h → ∞, the ground state of the chain is |↑↑ · · · ↑ z and, consequently, P = 0. Indeed, in this limit,
The off-critical regions which we have discussed so far are separated by the critical lines Ω ± . The free fermion line Ω 0 has some peculiar properties that we will discuss at the end of this section. Along the line Ω − , the symbol has a Fisher-Hartwig singularity at θ = π. For this value of θ, its argument is discontinuous. The symbol admits different factorizations of the form (A5). Nevertheless, in this case, the contribution of such ambiguity to the EFP is a subleading o(1) term. The leading terms can actually be computed taking the factorization
and applying the Fisher-Hartwig conjecture (A4). One obtains
where the coefficient of the linear term is now
and G denotes the Barnes G function. The coefficient of the logarithmic term in (15) has a field theoretical interpretation. Indeed, in [12] , the EFP along the critical line Ω − was analysed using CFT methods. In CFT, the EFP can be expressed as the normalized free energy of an infinite cylinder with a slit of length L, along which free boundary conditions are imposed. From the CFT analysis, one concludes that the coefficient of the logarithmic term in (15) Here the symbol has two Fisher-Hartwig singularities at θ = 0 and at θ = π. The singularity at θ = 0 is a jump discontinuity in the argument while the singularity at θ = π is a combination of a zero and a jump discontinuity. There are different possibilities (A5) of factorizing the symbol, however, as it also occurs in the critical line Ω − , the leading terms can be obtained choosing the particular factorization
e i/4(θ−π sign θ) (2 − 2 cos(θ − π)) 1/2 e i/2(θ−π−π sign(θ−π)) .
The Fisher-Hartwig conjecture (A4) predicts in this case that
with
For h = 1 (γ = 0), one can also study the EFP by employing CFT methods. As it happens on the line Ω − , the EFP corresponds to the free energy of an infinite cylinder with a slit of length L along which fixed boundary conditions are now imposed. This difference in the boundary conditions does not affect the logarithmic term in (16) , whose coefficient is still c/8, but it can modify the subleading terms [12] .
F. Critical line Ω0: γ = 0, |h| < 1.
The line Ω 0 corresponds to the critical XX spin chain. For γ = 0, the symbol g(θ) is the piecewise constant function
where k F = arccos h is the Fermi momentum. The symbol (17) can be interpreted as the density of occupied modes in the ground state. Such a state is a Dirac sea filled by all the particles with negative energy, i.e. with momentum between k F and 2π − k F . The low energy field theory is a massless Dirac fermion with c = 1, or equivalently a Luttinger liquid.
For symbols with compact support as in (17), the asymptotics of the corresponding determinant is derived from the Widom theorem [28] , see appendix A. In particular, denoting P 0 (L, k F ) the EFP at Ω 0 , one obtains that
This result was firstly pointed out in [4] . As recalled in the introduction, the asymptotic behaviour of the EFP is radically different from that characterizing the critical lines Ω ± : The leading term in (18) is O(L 2 ) rather than O(L) as in (15) and (16) . Furthermore, the prefactor of the logarithmic term is no longer interpretable as c/8, although speculations about its universality have been put forward in [12] . When |h| > 1, g(θ) = 0, the mass gap is non-zero and the ground state of the chain is the Fock vacuum. Therefore, it is straightforward to see that P 0 = 1 for h < −1 (|GS = |↓↓ · · · ↓ z ) while P 0 = 0 for h > 1 (|GS = |↑↑ · · · ↑ z ).
III. TRANSITION FROM THE OFF-CRITICAL REGIONS TO THE CRITICAL LINES
The purpose of this paper is to analyze the behaviour of the EFP approaching a quantum critical point. More specifically, we will discuss how the EFP interpolates from the asymptotic regime observed in the off-critical regions Σ − and Σ 0 , see (8) and (14), and the one that follows along the critical lines Ω − and Ω + respectively, see (15) and (16) . As we have reviewed in the previous section, in the critical regions, the logarithm of the EFP, which is O(L), develops also subleading logarithmic corrections O(log L). In mathematical terms, the approach towards the critical lines is described by a double-scaling limit in which the length of the interval L diverges while the inverse of the correlation length, proportional to log |h|, vanishes.
Transition from the region Σ − to the line Ω − In the region Σ − , the symbol g(θ) does not present any Fisher-Hartwig singularity and it is analytic on the unit circle. In this case, the branch points z + and z −1 − of G(z), see (10), are real and they are inside the unit disk while their inverses are outside. As depicted in fig. 3 , when approaching the line Ω − , i.e. when h → −1 − , the branch points z − and z −1 − move towards z = −1 and they eventually intersect the unit circle for h = −1. Such a merging of singularities gives rise to the jump discontinuity of the symbol g(θ) at θ = π along the line Ω − .
Transition from the region Σ 0 to the line Ω + In the region Σ 0 , the symbol g(θ) has already a Fisher-Hartwig singularity that it is a combination of a zero and a jump discontinuity at θ = π, see (13) . This singularity is also present along the critical line Ω + . Along this line, however, the symbol has another singularity at θ = 0, which is a jump. As fig. 4 illustrates, this discontinuity is produced by a similar mechanism that occurs also in the transition from the region Σ − to Ω − . In this case, as h → 1 − , the branch points z + and z −1 + come together at z = 1, producing the jump at θ = 0 in g(θ). In the coalescence limit, the Fisher-Hartwig singularity at θ = π is not affected.
In the next section, we introduce the mathematical tools which are needed to study the behaviour of a Toeplitz determinant when a Fisher-Hartwig singularity emerges from the collision of two branch points on the unit circle.
IV. INTERPOLATION BETWEEN FISHER-HARTWIG AND SZEGŐ ASYMPTOTICS: TOEPLITZ MEETS PAINLEVÉ
Ref. [30] studied the transition between the Szegő and the Fisher-Hartwig regimes when a single singularity emerges in a regular symbol. This is the case of the transition between the region Σ − and the −1 line Ω − . More specifically, in [30] , such a transition is analyzed for the Toeplitz determinant generated by the particular symbol
where t ≥ 0, α, β ∈ C with Re α > −1/2 and α ± β = −1, −2, . . . . The function Q(z) is analytic on the unit circle. Notice that, in the region Σ − , the symbol (10) for the quantum Ising chain (γ = 1) is of the form (19) with α = 0, β = 1/4, t = log |h|, and Q(z) = log((−h) −1/4 V (z)) + iπ/4. As discussed in [30] , the symbol for the two-point function of the magnetization in the two-dimensional Ising model is also of the form (19) with α = 0 and β = −1/2. 
the Szegő theorem (A2) predicts for the particular symbol (19) log
where the s k 's are the Fourier modes of log f t ,
On the other hand, for t = 0, the symbol f t (e iθ ) has a Fisher-Hartwig singularity at θ = 0. This singularity is a combination of a jump (for α = 0 and β = 0) and a zero (for α = 0 and β = 0). In this case, the Fisher-Hartwig conjecture (A4) gives the asymptotic behaviour of where
In Theorem 1.1 of [30] was derived an asymptotic expansion for D L [f t ] that interpolates between the Szegő (20) and the Fisher-Hartwig (21) asymptotics. In particular, the theorem states that for L → ∞,
where o(1) is uniform for 0 < t < t 0 with t 0 small enough. The termΩ(2tL) is of the form
and ζ(x) is the particular solution of the Jimbo-Miwa-Okamoto form of the Painlevé V equation [31] (
satisfying the boundary conditions
Remarkably, from eq. (22) and eqs. (25)- (26) , one can recover (21) in the limit t → 0 while sending t → ∞ one obtains (20) .
In the cases of our interest, the emerging singularity is always a jump discontinuity and, therefore, α = 0. This value is not strictly speaking included in the expansion (25) of ζ(x) for x → 0 and, to our knowledge, the expansion for α = 0 has not yet been derived in the literature. We will obtain it in the following section by employing the general solution of the Painlevé V equation found in [37] [38] [39] in terms of irregular conformal blocks [36] .
V. EXPANSION OF THE PAINLEVÉ V τ FUNCTION
In general, the Jimbo-Miwa-Okamoto form of the Painlevé V equation reads [31] 
The particular Painlevé V equation (24), which is relevant in the study of a Toeplitz determinant with an emergent singularity, can be obtained choosing in (28) , see also [30] ,
Hereafter, since we are interested in the limit α → 0, we will consider α > 0 without loss of generality.
In principle, there exist other choices for θ 0 , θ t and θ * that produce (24) but, as we will see, they are inconsistent with (25) . Finally, all the results that we are going to present are symmetric in the exchange β → −β In order to obtain the solution of (28), it is useful to introduce a τ function that we define as
A combinatorial expansion for τ (x) was conjectured in [37, 38] extending the work [31] and eventually proved in [39] . For further clarifications on the notations used, see appendix B. The proposed solution is a series representation that involves irregular conformal blocks [36] of a CFT with central charge c = 1. In short, the Painlevé V equation (28) is solved by the following expansion of τ (x) around x = 0 2
The structure constants C σ (θ 0 , θ t , θ * ) and the irregular conformal blocks B σ (x; θ 0 , θ t , θ * ) are given by eqs. (4.13) and (4.15) of [38] respectively. The formulas are fully explicit and will be not repeated here. The parameters σ and s in (31) depend on the boundary conditions chosen for solving the differential equation [31] . In order to determine their value we shall compute the first terms of the expansion of the τ function and, after inserting them in (30) , compare with the asymptotic expansion (25) of ζ(x) for small x.
and redefining the parameter s by absorbing the ratio of sines into it. The n-independent ratio of G functions can be absorbed into the constant prefactor.
The first terms of the expansion (31) were actually formerly obtained in [31] , cf. Theorem 3.1 therein; according to it 3 ,
and 0 < Re(2σ) < 1. For the particular set of parameters (29) for the Toeplitz problem, eq. (25) fixes σ = θ * = α, and the expansion (32) simplifies to
where C α,β was defined in (27) . Inserting eq. (34) in (30) and comparing the term O(x 1+2α ) that is obtained with the corresponding one in the asymptotics (25), we can conclude that for our problem s = sin π(β − α) sin π(β + α) .
Once the parameters σ and s are fixed, one can determine, using the representation (31), the full expansion around x = 0 of the τ function for the eq. (24) in terms of α and β. We have determined and checked numerically such an expansion up to O(x 4+4α ). Similar reasonings were done in [43, 44] . Observe, however, that the expression (34) is only valid for 2α ∈ Z (i.e. 2σ ∈ Z). On the other hand, for the transition between the region Σ − and Ω − , the symbol (10) is never zero, i.e. α = 0. We will find now the expansion of the τ function for this case studying the limit α → 0 in (34) and (31) . The power series in α of the coefficient C α,β around α = 0 is
where s 0 = −ψ(1 + β) − ψ(1 − β) + 3ψ(1) + 1 with ψ(z) the Digamma function. Taking into account (35) and x 1+nα ∼ (nα log x + 1)x for α 1, from (34) and (31) we can conclude that the τ function for the Toeplitz problem (24) behaves when α → 0 as
Inserting the expression above in (30) , we obtain that for α = 0
We will employ in the next section the Painlevé V τ function (36) in the analysis of the behaviour of the EFP in the double scaling limit L → ∞ and |h| → 1.
VI. EXACT RESULT FOR γ = 1 AND CONJECTURES FOR γ = 1
In this section, we will apply and generalize the mathematical results of the two previous sections to the EFP in the XY spin chain for γ = 0. We will consider separately the transitions discussed in section III from the regions Σ − and Σ 0 to the critical lines Ω − and Ω + respectively. In each case, the strategy will be first to study the quantum Ising chain (γ = 1), where the interpolation formula (22) can be directly applied, and then to extend it to γ = 1 exploiting the properties of the EFP under certain Möbius transformations that act on the parameters of the chain h, γ.
Transition from Σ − to the critical line Ω − .
For the quantum Ising line in the region Σ − , the symbol (10) has exactly the form of the prototype (19) considered in [30] with α = 0, β = 1/4, t = log |h| and Q(z) = log(h −1/4 V (z)) + iπ/4. Thus we can directly apply the asymptotics (22) . Comparing the expression forΩ given in eq. (23) with the definition (30) of the Painlevé V τ function, in our case we havẽ
because α = 0. Notice thatΩ(0) = 0, therefore the constant in (36) is equal to one. If we also take into account that the function V (e iθ ) is even and, consequently, V −k = V k , we find that eq. (22) leads to log P(L, h, 1) = A(h, 1)L − 1 16 log(2L log |h|) + log τ (2L log |h|)
for h < −1.
Substituting then eq. (36) into (38) and calling x = 2L log |h|, we obtain finally log τ (x)
x 1 ∼ − 1 16
x log x +γ E − 1 8
x − 1 512 in order to recover the asymptotics (8) predicted by the Szegő theorem in the region Σ − .
For the theories in the region Σ − outside the quantum Ising line, γ = 1, the symbol G(z) is not of the form (19) and, therefore, we cannot directly apply the interpolation formula (22) . Nevertheless, we are now going to conjecture a generalization of eq. (38) for γ = 1 that we will check numerically later. First, let us relate the symbol G(z) to one of the form (19) through a Möbius transformation. Consider the subgroup of these transformations of the form
that preserve the real line and the unit circle and map the unit disk and the upper half plane into themselves. Now, if we consider a chain with parameters h < −1 and γ = 1, then the branch points of the corresponding symbol G(z) are the points on the real line (z + , z − , z −1 − , z −1 + ) with z ± defined in (11) . For tanh δ = −z + , the transformation (41) maps these branch points to the set of points (0, h , 1/h , ∞), with h such that
Under the transformation (41), the Laurent polynomials (9) change to [45] 
These new Laurent polynomials define the transformed symbol G associated to the quantum Ising chain with transverse magnetic field h . The new symbol is related to the old one with parameters h, γ, i.e. G(z), as
In [46, 47] , the authors studied the behaviour under the transformations (41) of the Rényi entanglement entropy in the ground state of the XY spin chain. This entropy can be written in terms of a block Toeplitz determinant with a symbol also obeying the identity (43) . Inspired by the results found there, we establish the following conjecture for the behaviour of the EFP under (41) . Let us substract from P the contribution of the factor V (e iθ ) which appears in the symbol g(θ); namely define
Then we conjecture that, for large L,
that is, we assume that the quantity E − transforms under (41) in the same way as the entanglement entropy of the ground state of the chain, see in particular eqs. (45) and (46) of [47] . Inserting (38) in the right hand side of (45) and using (42), we conclude
Physically, the transformation (45) implies that, for any value of the anisotropy parameter γ = 0, the double scaling limit h → −1 − , L → ∞ is described by the same Painlevé V τ function as in the quantum Ising line. This is very reasonable [35] since all the points in the line h = −1 belong to the Ising criticality class. Observe that, taking into account (40) , the rescaling by γ −1 of the argument of the τ function in (46) is the simplest way of cancelling the logarithmic term −1/16 log(x/γ) in the limit x → ∞ and recovering the prediction of the Szegő theorem (8) . Note also that, in virtue of (42) , the terms in the second line of the expression (46) are invariant under the transformation (41) .
Finally, plugging (46) into (44), we can conclude that In fig. 5 , we study numerically the interpolation between the asymptotic behavior of log P(L, h, γ) at h = −1 and for h < −1. In particular, we consider the quantity
as a function of 2L log |h|/γ for several values of L and γ. Replacing in the expression above log E − by (46), we expect that ∆ − (x, h, γ) = log τ 2L log |h| γ in the double scaling limit h → −1 − and L → ∞. The points in fig. 5 have been obtained computing numerically P(L, h, γ) through the determinant (5) . This determinant has been calculated from the eigenvalues of the matrix S whose entries are given by (6) in the thermodynamic limit. Then we have applied the definition (44) to determine E − (x, h, γ). The coefficients A(h, γ) and E[V ] have been obtained computing by numerical integration the Fourier modes of V (z). The sum in E[V ] has been evaluated up to 10 4 modes. The curves in fig. 5 are the expansions (39) and (40) of log τ (2L log h/γ) for small and large 2L log |h|/γ. There is an excellent agreement between the numerical points and the expansion of log τ (2L log |h|/γ) obtained in (39) . Observe that the points in the figure only depend on the product 2L log |h|/γ. This fact strongly supports the transformation (45) proposed for E − under the Möbius transformations (41) . In order to explicitly check the universality of the τ function, in the inset of fig. 5 we have taken a fixed value for the scaling variable x/γ and calculated ∆ − in terms of the length L for different anisotropies γ. If the conjecture (45) is correct, then the points corresponding to different γ should collapse to the same value of ∆ − at L → ∞. As is clear in the inset, the distance between the points of different γ shrinks as L increases. Notice that for L = 3000 the relative differences between them are smaller than 10 −5 .
Transition from Σ 0 to the critical line Ω + Recall that in the region Σ 0 the symbol (13) presents a Fisher-Hartwig singularity at θ = π; for the quantum Ising line, γ = 1, reduces to
(2 − 2 cos(θ − π)) 1/2 e i/2(θ−π−π sign(θ−π)) .
Except for the two last factors, that correspond to the zero and the discontinuity at θ = π respectively, the symbol is of the form (19) studied in [30] with α = 0, β = 1/4, t = − log h and Q(e iθ ) = log(h −1/4 W 0 (θ)) + iπ/4. According to the localization theorem [25] , see appendix A, in the double scaling limit h → 1 − , L → ∞, the Fisher-Hartwig singularity at θ = π can be ignored and the interpolation formula (22) 
In order to obtain the expansion of P for γ = 1 in the double scaling limit, we again exploit the Möbius symmetry as in the transition from Σ − to Ω − . Considering the expansion (14) given by the Fisher-Hartwig conjecture in the region Σ 0 , let us define now the quantity
Namely, we remove from the EFP the contribution of the factor W 0 (θ) in the symbol as well as the one of the Fisher-Hartwig singularity at θ = π. Then, analogously to what we have done in (45) for the region Σ − , we conjecture that
for L → ∞.
Combining this conjecture with (49) and taking into account the identity (42) between h, γ and h , we conclude that
Finally, plugging this result into (50) , we arrive at
In fig. 6 we analyze numerically the transition from the non-critical region Σ 0 to the critical line Ω + . Analogously to the previous section, we consider the quantity
and plot it as a function of −2L log h/γ. According to (52) , we expect in the limit L → ∞.
The points in fig. 6 have been obtained computing numerically P(L), A(h, γ) and the series in E[W 0 ] and W 0 − (π) as described in the case of the region Σ − . Here the series have been evaluated up to 10 4 modes. The curves correspond to the asymptotics of the logarithm of the τ function that we have found in (39) and (40) for small and large −2L log |h|/γ. There is an excellent agreement between the numerical points and the asymptotic expansions. The numerics provides again an unbiased and strong support to the interpolation formula (53) . Note that this is also a test of the transformation (51) of E 0 under the Möbius transformations (41) .
VII. THE XX SPIN CHAIN
As we have already discussed in sections I and II, and it was firstly found in [4] , the EFP behaves differently when γ vanishes (XX spin chain) and the magnetization is conserved. For |h| < 1, the chain is critical, and the ground state is a Dirac sea, in which P 0 (L, k F ) displays a Gaussian decay with L, see (18) . On the other hand, for |h| > 1, there is no Dirac sea, and the EFP is either 0 or 1 for h > 1 and h < −1 respectively. The limit |h| → 1 − is both mathematically and physically different from the ones studied previously when γ = 0. Mathematically, for |h| < 1, the symbol of S is the piecewise constant function (17) with support [k F , 2π − k F ], where k F is the Fermi momentum, k F = arccos h. From the physical side, in the limit |h| → 1 − the fermion density k F π → 0 and the ground state is no longer the Dirac sea but the trivial Fock vacuum, see fig. 7 .
In order to study the double scaling limit L → ∞, |h| → 1 − , let us first observe that for |h| < 1, the entries of the Toeplitz matrix S are
Reintroducing the lattice spacing a, we can parametrize L = a −1 , n = ya −1 and k F = p F a; therefore, the double scaling limit L → ∞, k F → 0 is nothing but the continuum limit a → 0 with χ = Lk F fixed. Then, following refs. [40, [48] [49] [50] , in the a → 0 limit, the EFP turns out to be the Fredholm determinant This is the sine kernel [40] , well known in the theory of random matrices [51] . In the literature are already present several detailed analysis of the Fredholm determinant (56) . For instance, one could set up an expansion similar to [52] [53] [54] for the time-dependent correlation functions of the critical Ising chain or to [49] for the full-counting statistics by solving a Riemann-Hilbert problem. On the other hand, in the celebrated paper [41] , Jimbo, Miwa, Mori and Sato discovered that the Fredholm determinant (56) is equal to the τ function, τ 0 , of the Painlevé V equation (28) with x = i2χ, parameters θ 0 = θ t = θ * = 0, and satisfying the boundary conditions
Therefore, we can conclude that
in the double scaling limit L → ∞ and k F → 0. The Painlevé V τ function τ 0 (Lk F ) describes the crossover of the EFP from a theory whose low energy fermionic excitations have a linear dispersion to another theory with quadratic dispersion, see fig. 7 . The expansion of τ 0 (χ) around χ = 0 can be computed from the general expression (31) for the Painlevé V τ function by a suitable limiting procedure. Let consider the Painlevé V equation (28) with parameters
, and θ * = 0, The expression above for the τ function leads to the asymptotics (57) by identifying
and taking the limit θ * → 0. Indeed, substituting x = i2χ and (60) into (59) we obtain
which, plugged into (30) gives back (57) . This expansion coincides with that obtained in [55] , cf. eq. (8.114) upon replacing ξ = 1 and t = χ/π. Equivalently [38] , eq. (61) could be also derived directly from the combinatorial expansion for the Painlevé VI τ function [37] after a series of confluent limits. Since for Lk F → 0, P 0 → 1 the constant in (61) is fixed to one, we can finally conclude log τ 0 (Lk F )
In [38] , it is also determined the behaviour of τ 0 for large Lk F ,
As Dyson already noted in [40] , the asymptotics (18) predicted by the Widom theorem for P 0 (L, k F ) leads to (63) when k F 1, consistently with the continuum limit a → 0. In fig. 8 , we check numerically the double scaling limit (58) . We represent log P 0 as a function of Lk F for two fixed values of L and varying k F . The dots correspond to the numerical results obtained for P 0 diagonalizing the matrix S, see (55) , and using the eigenvalues to compute P 0 from (5). The solid curve is the expansion (62) of log τ 0 for Lk F → 0 while the dashed line represents the asymptotics (63) of log τ 0 for Lk F → ∞.
VIII. CONCLUSIONS
In this paper we revisited the problem of determining the emptiness formation probability in the XY spin chain. In particular we complemented the asymptotic results obtained in [20, 21] showing that the emptiness formation probability in the double scaling limit L → ∞, |h| → 1 is the τ function of a Painlevé V equation [30] . By exploiting the combinatorial representation proposed in [38, 39] we determined a power series expansion for the emptiness formation probability around L log |h| = 0, which has been tested numerically finding excellent agreement. Our results are exact [30] at γ = 1, for the quantum Ising chain, and have been extended to γ = 1 through a conjecture, which is based [46] on the symmetry properties of the Toeplitz determinant under a Möbius transformation in the parameter space of the XY chain. The Möbius transformations, which manifest in the large-L limit, can be interpreted as flows in the parameter space connecting points (γ, h), located outside the circle h 2 + γ 2 = 1, with points along the Ising line (γ = 1, h ), see fig 9. Points inside the circle are attracted instead by the fixed point (γ = 0, −1), see again fig. 9 . The emptiness formation probabilities, as well as the entanglement entropies [46, 47] , are argued to be invariant for theories that sit on the same flow. Although a complete derivation is still lacking, our conjectures have been tested numerically with remarkable accuracy.
Moreover, since in the double scaling limit the emptiness formation probability is a function of the scaling variable L/ξ, being ξ the correlation length, it seems meaningful to ask whether it could be obtained directly in a field theory setting. Painlevé equations in the massive Ising field theory have been obtained in the past, see for instance [56] [57] [58] , and applied to the study of correlation functions including the entanglement entropies [59, 60] .
Finally, we mention that our results could be generalized to the analysis of the full counting statistics in the XY chain [49, 50, 61] , where the emergence of a similar Painlevé V equation is expected when approaching criticality. Analogous expectations apply also to the charged entropies considered recently in [62, 63] . (41) that keeps invariant the ratio h 2 −1 γ 2 . The vertical black lines denote schematically the transitions in the double scaling limits described by the τ function in sec. VI for γ = 1 and in sec. VII for γ = 0.
then the Szegő theorem [23] states that the determinant of T L [g], that we denote as D L [g], has the following asymptotic expansion with the dimension L: and (log g) k are the Fourier coefficients of log g.
If the symbol has jump discontinuities and/or zeros, then the smoothness condition (A1) is violated and the Szegő theorem (A2) does not apply. In this case, the Fisher-Hartwig conjecture gives the asymptotic behaviour of the determinant. Suppose that the symbol g(θ) presents R Fisher-Hartwig singularities (jump discontinuities and/or zeros) at the points 0 ≤ θ 1 < θ 2 < · · · < θ R < 2π and it can be uniquely factorized in the form g(θ) = V (θ) R r=1 (2 − 2 cos(θ − θ r )) αr e iβr(θ−θr−π sign(θ−θr)) ,
with V (θ) a strictly positive continuous function that satisfies (A1), then the Fisher-Hartwig conjecture [24, 25] (that it is actually a theorem in this case) predicts that If the symbol admits more than one factorization,
(2 − 2 cos(θ − θ r )) α (j) r e iβ (j) r (θ−θr−π sign(θ−θr)) ,
where j is the label of each factorization, then Basor and Tracy [26] proposed a generalization of the Fisher-Hartwig conjecture. According to it,
as L → ∞.
Here Ω(j) = Re Ω(j).
If the symbol has compact support, then the previous results are not valid and one has to apply the Widom theorem [28] . Let suppose that the symbol g is supported on a closed interval φ ≤ θ ≤ 2π − φ and its restriction to this interval is a positive function that satisfies (A1), then log D L [g] = log cos φ 2
whereg (θ) = g 2 arccos cos φ 2 cos θ .
Another result on Toeplitz determinants that is used in the paper is the localization theorem [25] : If we consider two symbols g 1 and g 2 such that their Toeplitz matrices are invertible for large L, then
< ∞ provided the semi-infinite matrices T [g 1 g 2 ] − T [g 1 ]T [g 2 ] and T [g 2 g 1 ] − T [g 2 ]T [g 1 ], obtained from T L [•] when L → ∞, are trace-class. These operators are trace-class if there is a smooth partition of the unit {f 1 (θ), f 2 (θ)} such that the derivatives of g 1 f 1 and g 2 f 2 are Hölder continuous with exponent larger than 1/2. Namely, the operators are trace-class if g 1 and g 2 have not Fisher-Hartwig singularities at the same points.
